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Abstract
Given a monotone function z{(x) which connects two constant states,
up, < ug, (uL > uR), we find the unique (up to a constant) convex (concave)
flux function, %(u), such that z(x/t) is the physically correct solution to
the associated Riemann problem. For =z(x/t), an approximate Riemann solver to
a given conservation law, we derive simple necessary and sufficient conditions
for it to be consistent with any entropy inequality. Associated with any
member of a general class of consistent numerical fluxes, hf(uR,uL), we have

an approximate Riemann solver defined through z(z) = (—d/dc)hf (uR,uL), where
L

fc(u) = f(u) - gu. We obtain the corresponding f(u) via a Legendre
transform and show that it is consistent with all entropy inequalities iff

hf (uR,uL) is an E flux for each relevant ¢. Examples involving commonly

used two point numerical fluxes are given, as are comparisons with related

work.

*Research was supported by the National Aeronautics and Space Administration
under NASA Grant No. NAG-1-273.

**Research was supported by NSF Grant No. MCS 82-00788 and ARO Grant No. DAAG
29-82-0090. Part of the research was carried out while the author was a
visitor at the Institute for Computer Applications in Science and Engineering,
NASA Langley Research Center, Hampton, VA 23665 which is operated under NASA
Contract No. NAS1-17070,



0. Introduction

The aim of this paper is to identify an approximate solution to the Riemann
problem for hyperbolic systems of conservation laws with any of a wide class of
three point shock capturing algorithms used to approximate these laws. We also
wish to analyze consistency of this approximation with any analytic entropy condi-
tion. This procedure will be done here only for scalar conservation laws; systems

will be considered in the future.

We begin with an arbitrary monotone function, z(x), connecting two con-

stant states u; < ug, or uj > up; we find the unique (up to a constant) convex
(concave) function, f(x), such that z(%) is the solution to the associated

Riemann problem

(0.1(a) u, + fu), =0, t>0

(0.1)(b) u(x,0)=u;, x=<0
u(x,0) =up, x>0
which satisfies Kruz’kov’s entropy condition [7], discussed in the next section.

The resulting formula involves a Legendre transform.

For an arbitrary flux function f(u), we define an approximate Riemann

solver to
(0.2)(a) u + f(u), = 0
(0.2)(b) u(x,0)=u;, x=<0

u(x,0) =up, x>0,



of conservation with (0.2). Under this circumstance we find a simple geometric
criterion, relating the graphs of f and f, for such an approximation to be con-

sistent with any entropy condition.

Next, we introduce an approximate Riemann solver associated with any con-
sistent numerical flux function if h, satisfies a fairly nonrestrictive condition,
concerning its numerical viscosity. The corresponding f(u) is obtained through a

Legendre transform of the function hy(ug,ur), with respect to {.

Here we define

(0.3) fy(w) = f(u) — Lu.

This function of { is obtained by constructing the numerical flux on a grid mov-
ing with speed x = {t. We show that z({) is consistent with Kruz’kov’s entropy
condition, [7], iff hf‘(uR,uL) isan E flux (introduced in [11]).

We then illustrate our theory by presenting examples involving all the com-

monly used two point numerical flux functions.

We conclude by comparing our approach to that of Harten and Lax [5], and
Harten, Lax, and van Leer [6], in the scalar case. (They also discussed systems.)

We are motivated to study these problems because of their connection with
the classic work of Glimm [3]. In that paper, he obtained a celebrated existence
theorem for a class of hyperbolic systems of conservation laws whose initial data
differs slightly from a constant state. His method of proof was constructive. He
represented the approximate solutions as piecewise constant at any time; they
were advanced in time by solving exactly the Riemann problem formed by the

constant states between two neighboring cells. The value of the approximation in



each cell at the new time was taken to be the value of the exact solution at a ran-
domly chosen point in the cell. Glimm then proved the convergence of this

method.

Recently, the first author [1] modified Glimm’s approach by replacing the
exact solution to the Riemann problem between two neighboring cells by the solu-
tion to the associated linear Riemann problem constructed by Roe [13]. This
linear Riemann problem changes from cell to cell, and its solution is consistent, in
the sense of conservation, with each of the true Riemann problems. Following,
but somewhat simplifying, Glimm?’s technique, for initial data of his type, a varia-
tion estimate is obtained for these approximate solutions. Using a theorem of
Harten-Lax [5], it follows that a new existence theorem for systems of equations
which may have fields which are neither linearly degenerate or genuinely non-
linear, as defined in [8], is obtained. Unfortunately, these limit solutions will
not, in general, satisfy the entropy condition of Lax [8]. Work is under way to
remedy this difficulty.

Roe’s approximate Riemann solver was constructed as a step in the genera-
tion of a numerical flux for a conservation form, shock capturing method.
Nevertheless, it has proven to be useful theoretically in a random choice setting.

This fact motivates the present work.



1. The Riemann Problem and Approximations

We shall consider approximations to the initial value problem for a scalar

hyperbolic equation

(1.1)(a) 9 40 fu)=0, t>0, —o<x<®
ot  ox ’ ’

with special initial data

(1.1)(b) u(x,0) =u;, x<0

u(x,0) =up, x>0
for arbitrary constants, wur, ug.

Solutions to the Riemann problem (1.1) are not unique. For physical rea-
sons, the limit solution of the viscous equation, as viscosity tends to zero, is

sought. This solution must satisfy the entropy inequality for all real c:

(1.2) L - s + o ) ~ feNx(u = ) =0
in the sense of distributions.

Here:
(1.3) (a)+ = max(a,0)

x(@)=1if a=0
x(@) =0 if a<0

This solution to (1.1), (1.2) is unique -- see e.g. Kruz’kov [7].

If f is strictly convex or concave, the solution is particularly simple, and

may be characterized by replacing (1.2) with a single entropy inequality, rather



than the infinite family. If V(u) is any strictly convex function of a (1.2) may

then be replaced by

(14)(@) 2 V(@) + = F) s 0
where

(1.4)(b) F'(u) = V'(u)f'(u).

Inequalities (1.2) have important consequences for piecewise continuous solu-
tions. Suppose u(x,f) is such a solution having a jump discontinuity u;(f), ug(?),

moving with speed s(f). Then (1.2) implies the well known jump conditions

(1.5) flur) — f(ug) = s(uy — up)

and Oleinik’s condition E across the shock:

£8) = F) _ flur) = flug)

(1.6) u — ug up — ug

for all u between u; and up. We call the corresponding interval Irr

Jpr = {u | min [u ug] =< u < max{uy,ug]}
K f is convex, then (1.6) is equivalent to the statement that characteristics

flow into the discontinuity as time increases.

In [1], the second author obtained the following formula for the solution to

(1.1), (1.2). Let { = x/t. The solution is a function of { defined by:



THEOREM (1.1)

(17)(8’f urp < uR, then
u(f) = —( max [Lu — f(W)D

uL 1"R]

(1.7)(bYf ur > ug, then
_d s
u®) = 2 ( min_[tu = S

This result follows directly from the following:

LEMMA (1.1)

(1.8)(8) If up < upg, then
Lu(®) — f@(Q) = max [{u — f(u)]

(18)(b’f ur > up, then
Lu(l) — f(u(0) = [{u — f(w)].

[RsL

It is easy to see that each expression on the right above is Lipschitz with

Lipschitz constant max( |ur| ,|uz|), and is a convex (concave) function of {.

Also

u@) =y, if {< uﬁgi?uf'(u)
u(l) = ug, if {> max f'(u).

Motivated by this, we consider a function, z({), having the following pro-

perties:



(@ )=y, —w<{=sy
b)) z)=up, (r={=
()  z(¢) is monotone.

We can now state our first new result:

THEOREM (1.2). z({) = z(x/t) is the entropy condition satisfying solution to

the Riemann problem:

(1.8) z + f(z)x =0
z(x,0) =u;, x<0
z(x,0) = up, x>0

where:

(L9)@F) = fu) = tw +  max  [ow = [Fa(s) ds], if u < g
w={={

(1.9)(bY(u) = flur) - Lrug + Sm‘u; G [u - fc: z(s) ds], if ug > up

gt

The function f u) is unique up to an additive constant among convex (concave) flux
que up 4

Junctions.

Proof. We use Theorem (1.1) and equation (1.7)(a), if u; =< up. Integrat-

ing from {; to {, gives us:

g = flu) + [ 2(5) ds = max [tu ~ fw)]

We then take the Legendre transform and obtain uniqueness, given that flu) is

convex.



For existence, we note that - fcf z(s) ds is convex if u; = up; thus the
Legendre transform of f(w) in (1.8a) is fc: z(s) ds. Differentiating this serves to
verify that z({) is the solution to the Riemann problem.

The proof is similar for u; > ug.

Remark (1.1). If z({) is strictly monotone when it takes on values between

uy and up, then f is strictly convex (concave) and z~1(u) exists. In fact

(1.11) few) = [ 27(s) ds + fluy)-
Here z({) is a single rarefaction wave.

Remark (1.2). If f(u) is not strictly convex or concave, then z({) might be

singular, and conversely. For example, if

() 2() = ()**lsgng, for 0>a>-1, —-1=s{=1

(b) 2({) =sgni, [L]| >1.

Then

o+ 2
© fw) =2 Wt D - [3 - ;]

Next we define approximate solutions to (1.1).

DEFINITION (1.1). A function z({) having properties (1.8) is an approxi-
mate solution to the Riemann problem (1.1) if it satisfies the conservation rela-

tion:



(1.12) 20 4t = oug ~ Loy ~ [FCugy = ur)]

where {, {; are arbitrary constants such that:

i

|

| (= max f'(u)

=< min f'(u).
b= min f'(u)
We have proven that the associated f(u) is defined by
(1.13) fu) = fQu) = Loug + max  [u — [¥2(s) ds], if < ug
L={si e

@) = flu) = tpw +  min (tu = fF2(s) ds), if u > up
= (S {g

and

Flur) = flur)

F(u) = f(ug).
(The last two equalities follow from (1.12) and (1.13)).

We next consider the entropy inequality (1.4) associated with (1.1). Asin

the previous Lemma, we integrate (1.4) over the box

Q=[G ~T{Y =xsTl, 0st=<T]

arriving at (after division by T):

(1149) [ V() 4L S LV ur) - LV o) = [Fag) ~ )]

-10 -



DEFINITION (1.2). We say the Riemann solver, z({), approximating (1.1)

is consistent with a given entropy inequality, (1.4), if

(115) £" V) db = L) — LV(w) = [Fup) ~ FOu)l
We define it to be consistent with all entropy inequalities if (1.15) is true for
V(u) = (u — c¢)4, for any constant c.

We have the following:

THEOREM (1.3). The approximate Riemann solver z(L) is consistent with a

given entropy inequality (1.4), iff the inequality

(1.16) L V() () = f) du < 0

is valid; thus it is consistent with all entropy inequalities iff

(1.17) sgn(ug — ug) f(u) = sgn(ug — u) f(u) forall u € Ip
Remark (1.3). The inequality (1.16) is a Riemann solver version of a discrete

entropy-in-cell formula obtained by the second author for systems of equations in

[11] - equation (3.6). A similar result was used later in [12].
Proof of Theorem (1.3).

Inequality (1.17) easily follows if (1.16) is valid, for any convex V(u). Itis,
however, instructive to prove it directly. By Theorem (1.2), and Lemma (1.1) of

[11], we have for any a € Ips.

2(t) — a = % LG - a) - FEQ) - @)

-11 -



We insert this in (1.15) for V (z) = (z — a),. We see that (1.15) is valid iff:

sgn(ug — ur)[Lr(ug — a) = (f(ug) — f(a))]

= sgn(ug — u)[{r(ur—a) = (f(ug) — f(a))]

which is equivalent to (1.17). To prove (1.16), we have
{r R d
J, ve@)dr = [ [E“’] V(z)0) di
= LVuR) = L) ~ £ 2OV O GO,

= LaV(ue) = LV(ur) = [ V') (u) d,

where we use the fact that, by (1.16) of [11],

£z'(€) = 2" (0)F (2(1)).

Thus (1.15) is valid iff:

0= Flug) = Fug) = [ V'()f'(u) d

= [ V@0 - @) de= V) () - W)

-12-



II. Numerical Fluxes and "E" Schemes.

We can approximate solution to (1.1a) with general initial data via a conser-

vation form discretization.

At
(2.1) wtl=u} - Ax (he(uleq, u]) — he(u], ul-1))

At
= ul — Ax A_he(ulyq, u).

Here us(x,t) is a piecewise constant approximation to u(x,t), defined
through

upa(x,r) = uf

for

(x,0) € I X [t", " + Af], "=nAt, n=0,1,...

I = (x| x =x=<zx
f (|j_% j+_;_)

x 1=0F —1—)Ax, ji=0,F1,....
J?-z- 2

The numerical flux function hs(a,b) is a Lipschitz continuous function of
(a,b) for any fixed f, and is a continuous map from the space of real valued
continuous functions defined on some real interval, into the real numbers, for
fixed (a,b).

The most general class of schemes of this type whose solutions are known to

-13 -



converge to the correct physical solution for general f(u) are E schemes. These
were introduced and analyzed by the second author in a semi-discrete setting in
[11], and then in the fully discrete setting by Tadmor in [15]. See [12] for con-
vergence results for higher order accurate schemes approximating (1.1) wheﬁ

f(u) is convex. (E schemes are at most first order accurate.)

An E scheme has a flux satisfying

(2.2) sgn(ug — ur)(h(ug,ur) — f(u)) <0
for any u € Ip,.

A special E scheme is due to Godunov [4] - its numerical flux is canonical

in this class. This means

(2.3) hf(ug,ur) = sgnug — uL)unemi?u[sgn (ur — u)f(W)] = f(u(t)), ¢=0,

where u({) is the entropy solution to (1.1).

Thus hf is an E flux iff

(2.4) sgn(ug — u) (h(ug,ur) — hf(ug,ur)) < 0

We may write any 3 point flux as

@.5) hCupoar) = 5 [FCug) + Fur)] = 5 Orsg = ),

defining the numerical viscosity Qg;, which we take to be nonnegative.

A scheme has an E flux iff

-14 -



(2.6) Or = 0Fr

E schemes converge if their viscosities satisfy an upper bound.

1
and a CFL condition.
28) A suplf’ ()| = 2,

where the sup is taken over the convex hull of the initial data, and A = (A#/Ax).

Godunov’s scheme is obtained by solving two noninteracting Riemann prob-

lems, equation (1.1), with initial data:

u(x,0) = ul-y, x=x_4

2

u(x,0) = uf, X 1 Sx=x g
72 )

u(x,0) = ulq, X1 =z

2
We obtain i;(x,r), and compute at ¢ = At = MAx, then average (for

@l s )

1 .
Az fI, i,(x,At) dx = uj'-"H = u} — )\(hG(uJ’-'H,u]'") — hC(u?, ul_1)).

Thus, Godunov’s flux, as defined by (2.3), on a grid moving with speed x = [,

is

-15 -



h (ug,ur) = Fu(L)) — Lu(y),

hence, by formula (1.16) in [11], it follows that

2.9) u() = “C HE (up )

Since u({) is monotone, it follows that

(2.10) sgn(ug — u) — d;z hg (ug,ur) < 0.
Thus, we shall consider the class of the 2 point (not necessarily E) fluxes,
which, for fixed ug, u, are convex (concave) functions of { in the sense

described above. They must satisfy two conditions:

C)  hplupur) = flur) — Lu, if {<{ = r?igf’(u)
hy(ug,ur) = flug) — Lup, if (=g = max f "(u)
22
C2) sgn(up - uL) hfc(uR»uL) =0, for {; ={={.

We next define a monotone function for any such hs(ug,uy) via a generaliza-

tion of (2.9)

(2.11) 2Q) = = 3 hylumoun).

Conditions C guarantee that z({) is an approximate Riemann solver for

(1.1). The corresponding flux function, f(u), is obtained via the following:

THEOREM (2.1). The approximate Riemann solver, z({), is the solution to the

- 16 -



Riemann problem.

7+ fu@e =0
z(x,0) =y, x=<0

z(x,0) =up x>0

where
(2.12) fy(u) = max [Lu-+ he(upur)]l, if w = up
Lsi={&

fuw) = min  [Lu + he(ugur)], if up > ug.
L={=&

PROOF. This is a direct consequence of Theorem (1.2), and conditions C.

Next, we may combine Theorems (1.3) and (2.1) to obtain:

THEOREM (2.2). The approximate Riemann solver, z({), is consistent with all
entropy inequalities, iff hf‘(uR,uL) isan E scheme forall {, { ={={g ,i.e.,

iff

sgn(ug — ur) he(up,ur) = sgn(hp — u)(f() — Lu)
for all u between u; and ug and between {; and (p.

It is consistent with a single entropy inequality (where the entropy function

V depends on uy, ug, f and h) iff there exists some ug € Igy, such that

sgn(ug — ug) he(ug,ur) = sgn(up — ur)(f(ug) —~ Luo)

forall {, (L ={={p.

-17 -



PROOF. By inequality (1.17) and Theorem (2.1), it follows that inequality

sgn(up — ur)[lh + hy(up,ur)] = sgn(ugp — u)f(u),

for all the appropriate u and {, is valid iff z is consistent with all entropy ine-

qualities. The first result is immediate.

Inequality (1.16) is valid for some convex V € C? iff there exists some u,

in the interval for which

sgn(ug — ur)fy(ug) < sgn(ug — uy)f(ug)
By Theorem (2.1), this is valid, iff

sgnfugp — ur][lug + hy(ug,ur)] = sgn(ug — ur)f(ug),

for all £ € [{f,{r]-

The second result is immediate.

Remark (2.1). I, in (1.1), we make a change of variables

x->x—{t
t-t
then (1.1) is replaced by
ou d -
(2.11)(a) — + — (f(u) —lu) =0, t>0, o< x<o
at dax
(2.11)(b) u(x,0) =y, x<0

u(x,0) = ug, x> 0.

-18 -



Thus we can view hy (ug,ur) as the numerical flux along the ray x = (¢,
i.e. on a grid moving with speed {. Thus z({) is the corresponding value of the
approximate Riemann solver on this ray.

Remark (2.2). Any numerical flux satisfying C(1), C(2), is exactly

Godunov’s flux for f, evaluated on a moving grid.

-19 -



OI. Examples of Numerical Fluxes, Transforms, and Approximate Riemann Solvers

We begin with the canonical example:

Example (3.1): Godunov’s scheme [4]

As discussed in section II, the flux is defined by

(3.1)  Af(up,ur) = sgn(ug — uL):g,ilLSgn(uR = ur) f(u) = f@())|;=0,

where u({) is the entropy solution to (1.1).

Then for u € I,
(3.2)(a) fhf(“) = convex hull of f(u), if u; < up

(3.2)(b) fh};(u) = concave hull of f(u), if u; > up.

This is merely a restatement of Lax’s well known result: the solution to (1.1
is the same as would be obtained by replacing f(s) by its convex (concave) hull,

between u; and ug [8].

Example (3.2): Engquist-Osher scheme [2]
1 1 %
3.3) hfO(ug,uy) = 5 (lur) + () = S J 107 ()] ds

G4 P Gumr) = 3 () + f0)) = S + ) = 2 [*r6) - D)l as.

It is clear that condition C(1) is valid for

i = mIm fw), tg= max f'(u).

-20-



Also
(3.5) 20) = 3 o+ up) + 3 [ sgat - £'(s)) db.

Since sgn({ — f’(s)) is a non-decreasing function of {, hypotheses C(2) is
valid.

The transformed function, for u; < up, satisfies

(3.6)(a)9h}zo(u) = f(u) if fis convex

(3.6)(bfh}m(u) = f(ur) + f(ug) — f(uy + ugp — u), if fis concave.

This is the mirror image of the graph of f(u) in the chord connecting u; to ug.
The chord is itself the graph of fh}: (u).

Example 3.3. Roe’s (Murman’s) scheme [13] (Not an E scheme.)

(3.7) W (upour) = = (Fug) + fCur)) = 5 bl(ug = )

where

. fug) — fur) .

Up — yr,

(3.8)

Thus
R _ 1 _ & 1, _
(3.9)  hrlugu) = 5 (f(ug) + f(ur)) 2 (ur + ug) - 5 s = Ll(ur — ug)

= fluy) —Cug, if {=s

-21-



=f(uR) - guR’ if C> s.

Hypotheses C(1) are clearly valid for any {;, {z

Also
(3.10) 20 =u, L=
Z(C) = UR, C > s
and
(3.11) fhf () =flur) + (v — uy) s, for u € Ipy,

i.e., the linear function connecting (uz, f(ur)) to (ug, f(ug)).

By Theorem (1.3) and (3.11), the approximate Riemann solver is consistent
with all entropy inequalities iff the chord connecting u; to up lies below (above)
the graph of f(u) if u; < ug (ur > ug).

Various obvious entropy "fixes" of Roe’s scheme and for the extension to
systems exist - see e.g. [4].

Example (3.4). Lax-Friedrichs’ Scheme.

(.12) W) = 5 () + f) = 5 Olug — w)

for 0< Q0 = —;—, Q constant.

Thus

(3.13) HF (umr) = 5 (Flp) + f(u)) = 5 (g + 1) = o Qg = )

-22.



for

(3.14) gL=s—%s;5s+—f-=;R.

Hyothesis C(2) is obviously valid.

Thus, we have:
(3.15) zQ)=u, L=
Z(C) = _;_(uR + uL) = Uy, CL = g = CR

Z(C) = UR, g = gR'

and

(3.16)(8) if Ur = up

Fartw) = [s = 2| @ = ) + S(Cp) + fur)) — 5= Qg = ) for 4= sy,

= s+ L@ = un) + T r) + f)) — 5 Qlun = w) for =y,

f(}g) = s+ 5] @ —w) + (f(ux) + flug)) - Q(“R —u) for u=uw,

(u = w,) + 5 (f("R) + flu)) — 5 Q(“R —u) for u = uy,.

-23.



Thus fh}p(u) is a piecewise linear function whose graph lies below (above)

that of f(u) if uy < ug, (uL > uR), if the CFL restriction:

(3.17) Ns + max ') = 0,

is valid, in which case hypothesis C(1) is satisfied.

Example (3.5) Lax-Wendroff scheme [9], (second order accurate, without

entropy fix).

(3.18) KW (up,ur) = 5 (ug) + fur) = > a sCug — u)

where

am = f' ()

Thus

(3.19) WY (upour) = 3 (Flur) + Flr)) = = (up + ).

— 2(am ~ D0 ~ Dug — u).

We see for { = s, that the right side of (3.19) is

flug) — s ug = flur) — sur,
Letting { = a,, — /A, also gives us the value: f(ug) — (a,, — 1/\) ugp. Thus the
only way to have hypothesis C(1) be valid is by letting

hy ™ (ug,ur) = hf (ug,ur)

-2 .



Both these schemes have the same unfortunate behavior at expansion shocks mov-
ing with speed {, as was seen in [2], [10].

Example (3.6). Lax-Wendroff scheme modified with entropy fix [10].
1 A
(3.20) hfWE = 2 () + ) — 5 s2(ug — ur) ,

= S 1) ~ £ ) = 1)

where C > 0, will be chosen below.

Thus
(3:21) KYE = 1 (flug) + fun) = 5(up + )

B _;—(S = 0Xug — u) - % (F" (ug) = ' (up)l(ug — ur).

A simple calculation gives us

1
—1+ (1 - 4Cx | Af)2
PAN

(3.22)(a) (D =1s+

SIS

1 - (1-4Cu [A+f')

(3.22)b) M =s+ > )

where we defined: A.f" = f'(ug) — f'(ur).

It follows that:

(3.23) hyyy = flu) = L.

-25-



hr gy = Flug) = Uug
under the restriction:
4CNALf] < 1.
To have {f) = ¢;, {f) = {z, we need
(3.25) s+ max [f'| = C [ALf'|
I

In general, this restriction forces the scheme to be only first order accurate. Thus

we omit it and define hz"% as in (3.21) for (V) = { < {f)), and set

(3.26) heVE = flu) — tu, ¢ fY
hEVE = flug) — Lug, L= (f).
The resulting z({) is defined to be
32 Q) =w, sy
2(0) =y + M — )ug —up), (P << (P

2(8) = up, LN =¢

By (3.22) and (3.25), this function is monotone, thus condition C(2) is valid.

The associated transform is defined via

(328) for (uL < uR)

-26 -



Fg) = U0 — ) + fl), i S u S Q-G = ) +

u - 2
e = o+ L () + ) = 8| G = )

+ s(u = ty), if (D —N(ug — ) + Uy = u = () — ON(up = up) + -

f;,,LWE(“) = (0u — ug) + flug), i (L) — $)N(ug — ug) + wy =< u =< ug.

The flux function is defined analogously for uy > u,,.

Although Theorem (2.1) guarantees that this scheme cannot possibly satisfy
all entropy inequalities and stay second order accurate, a single inequality follows

easly under mild restrictions. For example, if u; < ug, we might take

L (fug) + Fu)) = 5 1A+F g = ) < o).

or

flug) + f(ur) — 2f(u)

ol <.
(up — ur) | Asf' |

(3.29)

The quantity on the left above is bounded above by a positive number as up - ug,

50 (3.29) is possible for a fixed constant independent of | ug — uy l.

For a given fixed entropy, say V() = -;— u?, the quantity C can be chosen

large enough so that inequality (1.16) is valid. See [10] for related estimates.
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IV. Comparison with Other Approaches

In [6], the authors construct a monotone, piecewise constant, approximate

Riemann solver for (1.1) as follows:

(4.1) zZ(0) =up, o <{={h
2 =u, f<r<fh

z(0) = up, () s{<w.

Consistency with conservation means

(4.2) Uy — @) + LD - ug) + fug) — fu) = 0.

The associated flux function is piecewise linear, and defined via:

(4.3) fGu) = flug) + Lf0(u = wp), for |u— u| = & — g

Fu) = fug) + UO(u — ug), for |u — up| =< |7 — ug|.

By Theorem (1.3), a necessary and sufficient condition that z({) be con-
sistent with all entropy inequality is that the graph of f(u) be below (above) that
of f(u) if wy < ug (uy > ug). This is implied by the restrictions imposed in [6].

If u; is connected to up via a single entropy condition satisfying shock, we
may take {f!) = ¢(f) = s, i.e., we have Roe’s transform function.

If we take {f1) =s — QA, ) = s + O/, under hypothesis (3.19) we

see that the Lax-Friedrichs flux transforms to  f(u), with

17 = %(uL + uR) = Uy,
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| In [S] the authors consider an approximate solution of (1.1) which is not a
similarity solution. It could be modified slightly keeping its essential properties so

that in this scalar case it becomes

(4.6) zZ({) =u, -°<{=s-3
z) =u, s—8<{=5s
z) =ug, sS{=<s+3d

Z({)-‘EMR, S+SSC<°°’
where 8 > 0, will be chosen below.

We futher restrict z to be monotone, which was not explicitly done in [5].

For this function to be consistent with conservation form means that:
u(s — 8 — &) +u 8+ upgd+ug(lg—s—298)

= Lrug — {our — (f(ug) = flur))

or

4.7) (up — u) + (ug —ug) = 0.
Harten and Lax compute

up = ug, — Ngrr — g(ur)) -

up = ug — Mg(ur) — 8LRr)

Here, in our language:
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(4.8)(a) g(u) = f(u) — su = f,(u).
and
(4.8)(b) 8Lr = hy(ug,ur),

for some numerical flux hf.

Equality (4.7) is automatically valid in this case. In order that z({) be

monotone, it is necessary and sufficient that

(4.9)(a) sgn(ug — ug)(hy (ug,ur) — f(ur)) <0
(4.9)(b) sgn(ug — up)(hy,(up,ur) — f,(ug)) = 0

(4.9)(c) |ug — uy | = N\ sgn(ug — up) [fi(ug) + fi(ur) — 2k (up,ur)] .

The inequalities (4.9)(a) and (4.9)(b) are valid iff the associated 3 point scheme
is TVD, hence only first order accurate - see e.g., [15]. Inequality {(c) is merely a
CFL restriction.

The associated function f(u), is, of course, again piecewise linear. Its
graph connects the four nodes (g, f(ur)), (ur, f(ur) + (s — 8)(ur — ur)),
(ur, f(ur) + s(ug — uz) + (s = 8)(ur — wr), (ug, f(ur))-

The slopes of these three lines are s — 8, s, s + 3 respectively.

Again the graph of this function lies below (above) that of f(x) on Iz; for
ur < up, (uy > up) iff all entropy inequalities are satisfied.

Harten and Lax define hf‘ such that
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up = ug + AB(ug — ur), ug = up — AB(ug — ur);
thus given AR = -1-, z({) is a monotone function. The inequalities which are

necessary and sufficient for consistency with all entropy inequalities are:

(4.10)(a)  S\B = — min ) = filw)) _
u€lpy Up — ur

: fs(uR) - fs(u)
(4.10)(b) 12 max o

fs(uL) - fs(u)
(4.10)(c) 1= 322}: 5 =)

These inequalities are all compatible. If we take, for example, § = 1/A, the
last two become CFL conditions, and the first is an improvement over the

corresponding estimate in [5].
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